We investigate faithful unitary representations for Polishable ideals, or more generally abelian Polish groups. We give various characterizations for the existence of such representations. The main technical result is to show that the density ideal does not admit any faithful unitary representations.
Introduction
Let H be an infinite-dimensional complex separable Hilbert space, henceforth called the Hilbert space. Let U (H) or U ∞ (following Hjorth [11] ) denote the group of all unitary transformations of H endowed with the strong (equivalently the weak) operator topology.
It was shown in [9] that any abelian Polish group is isomorphic to a topological quotient group of a closed subgroup of U ∞ . This implies that any orbit equivalence relation of an action of an abelian Polish group is Borel reducible to an orbit equivalence relation of an action of U ∞ (c.f. [9] Theorem 4.4). However, it is still desirable to know which abelian Polish groups admit topological isomorphic embeddings into U ∞ . Such embeddings are also known as continuous faithful unitary representations.
In [8] and [9] we already gave some characterizations for the existence of faithful unitary representations for general Polish groups and in particular for abelian Polish groups. In the current paper we will give a summary of all known characterizations, and use them to investigate the existence of faithful representations for Polishable ideals.
We will focus on two Polishable ideals: the summable ideal and the density ideal. We show that there are faithful representations for the summable ideal, and there are no faithful representations for the density ideal. For many other Polishable ideals we do not know if faithful representations exist for them.
Faithful representations for abelian Polish groups
In this section we summarize all known characterizations for abelian Polish groups to admit continuous faithful unitary representations. To begin, we first recall a characterization for general Polish groups in terms of positive definite functions. This has been a part of the folklore (see [16] §30); the statement and a complete proof can be found in [8] .
Recall the definition of positive definite functions on a group.
Definition 2.1. Let G be a group. A complex-valued function f on G is positive definite if for any n ≥ 1 and arbitrary g 1 , . . . , g n ∈ G, c 1 , . . . , c n ∈ C, n i,j=1
Theorem 2.1. Let G be a Polish group and 1 G be its identity element. Let F be the collection of all continuous positive definite functions on G. Then the following are equivalent:
(1) G admits a continuous faithful unitary representation. ( 2) The topology of G is the weakest topology that makes functions in F continuous. (3) For any open set V ⊆ G with 1 G ∈ V , there are functions f 1 , . . . , f n ∈ F and open subsets O 1 , . . . , O n in C such that
(4) For any closed set F ⊆ G with 1 G ∈ F , there is an f ∈ F such that sup g∈F |f (g)| < f (1 G ).
(5) There is an f ∈ F such that for any closed set F ⊆ G with 1 G ∈ F ,
Since we are going to make use of a part of the proof in the rest of the paper, we reproduce the proof of (1)⇒(2) and that of (3)⇒(1) for the convenience of the reader. These proofs appeared in [8] . Note that (2)⇒ (3) is obvious. In the following we will use the fact that for any positive definite function f , |f (g)| ≤ 1 G for all g ∈ G.
(1)⇒(2): For any v ∈ H, let
Then f v is a continuous positive definite function on U ∞ . The continuity is immediate from the definition of the weak operator topology on U ∞ , and the positive definiteness is established by the standard computation:
Now by the polar identity
any topology of U ∞ that makes the demonstrated positive definite functions continuous must make the functionals f x,y (g) = g(x), y continuous as well. Thus (2) is proved. (3)⇒(1): Fix a countable family {f n } n∈N of continuous positive definite functions on G so that they generate a neighborhood basis of 1 G in the sense of (3) . Without loss of generality we can assume f n (1 G ) ≤ 2 −n for all n ∈ N.
Consider the space X of all complexed-valued functions on G with finite support, i.e., functions x : G → C such that for all but finitely many g ∈ G, x(g) = 0. X is a linear space under addition and scalar multiplication. For x, y ∈ X, let
This sesquilinear form is well defined since for any g, h ∈ G,
Let N = {x ∈ X | x, x = 0}. Then N is a linear subspace of X and ·, · is defined on the quotient X/N , making it a pre-Hilbert space. Let H be the completion of X/N under the induced ·, · . Then H is a separable complex Hilbert space. We consider the representation of G in U (H) given by the definition that, for each g ∈ G and x ∈ X,
For any g 0 ∈ G and x, y ∈ X, we have that
The map g → T g is obviously a group homomorphism. For any g 0 ∈ G and x ∈ X, we have that
It follows immediately from this and the continuity of f n that g → T g is continuous.
We next check that g → T g is injective. For this it suffices to show that for g 0 = 1 G , T g0 = I. Suppose g 0 = 1 G . There exists some n ∈ N such that f n (g 0 ) = f n (1 G ). Consider x 0 ∈ X defined by
Then the n-th term of
It follows that T g0 x 0 − x 0 , T g0 x 0 − x 0 > 0, and therefore T g0 = I. Now to establish that g → T g is a topological group isomorphic embedding, the only thing that remains to be checked is that the inverse of g → T g is continuous. For this suppose T gm → T g∞ , as m → ∞, for group elements g m , g ∞ ∈ G. We are to show that g m → g ∞ , as m → ∞. Consider
Then T gm x 0 , y 0 → T g∞ x 0 , y 0 as m → ∞. But a straightforward computation shows that
and
These imply that for all n ∈ N, f n (g
Before continuing our discussion, we recall the following definition of Herer and Christensen ( [10] ).
Definition 2.2. A topological group is exotic if it has no nontrivial continuous unitary representations.
Thus being exotic is the opposite of having faithful representations, and yet we will see below that it can be characterized in terms of positive definition functions. The following is a corollary of the proof of Theorem 2.1. Proof. If G is not exotic, then the proof of (1)⇒ (2) shows that G has at least one nontrivial (i.e., non-constant) continuous positive definite function. On the other hand, a single nontrivial continuous positive definite function on G would induce a nontrivial strongly continuous unitary representation of G in some separable complex Hilbert space, by the proof of (3)⇒(1) of Theorem 2.1.
Herer and Christensen constructed the first example of an exotic group ( [10] ). Later Banaszczyk found a class of exotic groups of the form E/K where E is an infinite dimensional normed space and K is a discrete subgroup of E ( [3] 
and the function
is a continuous positive definite function on
The following theorem is another folklore.
Theorem 2.3. Let G be an abelian Polish group. Then G admits a faithful unitary representation iff
The numbering of the clause follows that in Theorem 2.1. The statement (in a stronger form) and a sketch of proof can be found in [9] (as Theorem 3.4 there). Since we are going to refer to the proof, we sketch the proof again for the convenience of the reader (the proof given below is more detailed than that in [9] ). Basic facts about von Neumann algebras used in the proof can be found in [5] .
Sketch of proof. We have seen the if direction above. For the only if direction, let G be an abelian closed subgroup of U ∞ . Let A ⊂ L(H) be the commutative sub-C * -algebra generated by G. Let M be the abelian von Neumann algebra generated by A. Then M is countably generated (c.f., e.g., [21] , §9, Corollary 25). Let D be a countable generating set in M .
Now let Q be a countable dense subset of G (in the weak operator topology) which contains the identity map. Let B ⊂ L(H) be the sub-C * -algebra generated by D ∪ Q. Then by [5] , Chapter 3, Corollary 1, M is the weak closure of B. Since B is a separable commutative C * -algebra, it has a compact Polish spectrum K by the Gelfand-Naimark theorem. By Proposition 1 of Chapter 7 in [5] , there is a positive Radon measure ν on K and an isometric isomorphism of normed
is endowed with the weak * topology as the dual of L 1 (K, ν). Every element of Q, being a unitary transformation, is under the Gelfand isomorphism correspondent to some element f of C(K, C) such that |f (x)| = 1 for all x ∈ K (since, by the proof of the Gelfand-Naimark theorem, for each x ∈ K, f (x) is in the spectrum of the transformation correspondent with f ). Since Q is dense in G (in the weak topology), it follows that every element of G is under the above isomorphism (from M onto L ∞ (K, ν)) correspondent to some element f of L ∞ (K, ν) with |f (x)| = 1 for ν-a.e. x ∈ K. That is to say, there is an embedding from G into
where the group operation on G is multiplication and the topology is the weak * topology as the dual of L 1 (K, ν). It is a part of a topological * -algebra embedding, hence it is in particular a topological group embedding.
It remains to isomorphically embed
Since ν is a Radon measure, we may assume that ν is a probability Borel measure. Let µ and δ be respectively the continuous and the discrete part of ν.
be given by the obvious translation:
In another direction to strengthen Theorem 2.3, Aharoni, Maurey and Mitiyagin [2] investigated the case when G is a linear space. A more explicit characterization was obtained in this case. However, an implicit proof for this characterization had already appeared in an earlier paper [10] by Herer and Christensen. In particular, the theorem applies to all separable Banach spaces. It is well known that, for p > 2, no L p (µ) space is isomorphic to a subspace of L 0 ([0, 1]). (A proof can be found in [4] , page 194.) Thus, in particular, no l p for p > 2 admits continuous faithful unitary representations.
We now turn to another characterization for abelian Polish groups to admit continuous faithful unitary representations. To state the results we need to recall the notion of uniform homeomorphism between metric spaces.
is a homeomorphism j from X 1 onto X 2 such that both j and j −1 are uniformly continuous.
If G is an abelian Polish group and d 1 , d 2 are two invariant compatible metrics on G, then the identity map i : G → G is a uniform homeomorphism from (G, d 1 ) onto (G, d 2 ). Thus it is irrelevant which invariant metric is used when we talk about uniform homeomorphism from an abelian Polish group into some other metric space.
The following theorem is proved in [2] by Aharoni, Maurey and Mityagin. In the statement the space l 2 can be replaced by any infinite dimensional separable real or complex Hilbert space. We also recall the proof so as to draw some corollaries later.
Theorem 2.5. Let G be an abelian Polish group. Then G admits continuous faithful unitary representations iff either of the following holds: (7) G is uniformly homeomorphic to a subset of l 2 . (7 ) G is uniformly homeomorphic to a subset of the unit sphere of l 2 .
Sketch of proof. We show the equivalence of (5) with (7) and (7 ).
(5)⇒ (7): Suppose f is a real-valued continuous positive definite function on G separating 1 G and closed sets not containing 1 G . Following the notation in the proof of (3)⇒(1) but using only a single function f rather than a sequence (f n ), let X, N , H and the inner product on H be defined.
This induces an embedding from G into H, which we still denote by j. Then it is easy to see that, for any g, h ∈ G,
Thus j is uniformly continuous by the continuity of f , and j −1 is uniformly continuous by the separating property of f .
(7)⇔(7 ): Note that in the proof of (5)⇒ (7) if we normalize the function f so that f (1 G ) = 1, then the image of j lies in the unit sphere of the Hilbert space. In particular l 2 itself is uniformly homeomorphic to a subset of its unit sphere. This gives (7)⇒(7 ). The other direction is trivial.
(7 )⇒(5): Let j be a uniform homeomorphism from G onto a subset of the unit sphere of a real Hilbert space. By the amenability of G there exists a finitely additive invariant mean M on the bounded functions on G, i.e., for any real-valued bounded functions f 1 , f 2 on G and g ∈ G, M (
This f is a continous positive definite function on G separating 1 G and closed subsets.
The proof of the direction (5)⇒(7) does not require that G is abelian. Thus we have established in effect that U ∞ is uniformly homeomorphic to a subset of l 2 . This fact was explicitly stated in [15] and proved by a direct argument. Here the metric on U ∞ can be chosen to be any compatible one, as the proof is insensitive to other aspects of the metric.
Characterization (7) can be used to prove that certain abelian Polish groups do not have continuous faithful unitary representations. Enflo [6] constructed a countable metric space not uniformly embeddable into l 2 . On the other hand, a classical result of Banach-Mazur states that any separable metric space is isometric to a subset of C([0, 1]), the space of realvalued continuous functions on [0, 1] (which is also an abelian Polish group under pointwise addition). Thus it follows that C([0, 1]) is not uniformly homeomorphic to any subset of l 2 , and hence it does not have any continuous faithful unitary representations. Analogously, Aharoni [1] proved that any separable metric space is uniformly homeomorphic to a subset of the Banach space c 0 . Hence the additive group of c 0 is not uniformly homeomorphic to any subset of l 2 , and thus it does not have any continuous faithful unitary representations.
Faithful representations for Polishable ideals
Polishable ideals form an important class of abelian Polish groups. They are well studied by descriptive set theorists (c.f., e.g., Farah [7] , Louveau and Velickovic [13] , Oliver [17] , Solecki [19] [20], Velickovic [22] , etc.; also c.f. Kanovei [12] ). An ideal I over N is an abelian group with the group operation A B, where is the symmetric difference. As a group, I is of exponent 2, i.e., every element is an involution (i.e. of order 2). Recall that a Borel ideal I over N is Polishable if there is a Polish group topology on I giving rise to its Borel structure.
Our first result below is a characterization for Polish groups of exponent 2 to admit faithful unitary representations. Notation 3.1. Let MALG be the group of all Lebesgue measurable subsets of [0, 1] up to λ-a.e. equality, where λ is the Lebesgue measure, with the group operation A B being the symmetric difference and the topology given by the metric λ(A B).
The underlying space is the usual measure algebra of Lebesgue measurable sets. It does not make a difference if we replace [0, 1] by other familiar spaces, such as the Cantor space 2 N . MALG is an also abelian Polish group of exponent 2. We have the following corollary from Theorem 2.3. Proof. There is an obvious isometric embedding from the space I 0 into l 1 . Namely, for A ∈ I 0 , define g A ∈ l 1 by letting
Then A → g A is such an embedding. Now consider the function f :
Then f is continuous on I 0 and moreover, f separates the identity of I 0 (the empty set) and closed sets of I 0 not containing its identity. To see that f is positive definite on I 0 , it suffices to notice that, for A, B ∈ I 0 , we have that A −1 = A and
Thus the positive definiteness of f on I 0 follows from that of e − x on l 1 .
In some sense, this proposition is not surprising since it is well known that the summable ideal is closely related to the Banach space l 1 . Note, however, that I 0 is not isomorphic to a closed subgroup of l 1 . In fact there is even no nontrivial homomorphism from I 0 into l 1 . This is for a trivial algebraic reason: I 0 is torsion and l 1 is torsion free.
Next we consider another important example of Polishable ideal, the density ideal
where A ∩ n = A ∩ {0, 1, . . . , n − 1}, endowed with the metric The rest of this section is devoted to a proof of Theorem 3.1. A main ingredient of the proof is Enflo's notion of (generalized) roundness of metric spaces ( [6] ). Definition 3.4. Let (X, d) be a metric space. The roundness of (X, d) is the supremum of p ≥ 0 such that for any n > 1 and arbitrary x 1 , . . . , x n ,y 1 , . . . , y n ∈ X, 1≤i,j≤n
With the convention 0 0 = 1 inequality (3.1) holds for any metric space for p = 0, since the left hand side is n 2 and the right hand side is n(n − 1). Thus the roundness for any metric space is ≥ 0. There are metric spaces whose roundness is ∞. However, if there are distinct x, y, z ∈ X such that
(which is called the metric midpoint property by Enflo,) then the roundness of X must be ≤ 2 (by choosing x 1 = x, x 2 = z and y 1 = y 2 = y). It is easy to check that all Euclidean spaces R n have roundness exactly 2. Similarly, l 2 also has roundness 2.
We next define a countable metric space N ∞ which will be uniformly homeomorphic to a subset of I d but not of any space of positive roundness. N ∞ is constructed in stages, as follows.
For each n > 1, first define a metric space (P n , d) as follows. The set P n consists of 2 n many elements
The metric is defined as
Next let M n = (P n ) n n , i.e., M n is the product of n n copies of P n , with the metric on M n (also called d) defined by
for x = (x 1 , . . . , x n n ) and y = (y 1 , . . . , y n n ). Finally, let N n = 1<m≤n M m , the disjoint union of M m for 1 < m ≤ n, with the metric (denoted d again) given by d(x, y) whenever x, y belong to the same copy of M m and 1 otherwise. Eventually let N ∞ = m>1 M m with a similar metric as above. Then N ∞ is exactly the direct limit of all spaces N n under the natural inclusions. This finishes the construction of N ∞ . The definitions of P n and M n above are adapted from Enflo's proof in [6] .
We check that N ∞ is uniformly homeomorphic to a subset of I d . To see this we need to recall the notion of ε-isometry and the lemma following the definition. Proof. We may assume ε < 2 −n−1 and lh(s)
The conditions (a)-(c) are simply largeness conditions for b 1 relative to lh(s), c k relative to b k , and b k+1 relative to c k . By choosing these numbers consecutively and large enough these conditions can be easily arranged. The last condition is also easy to meet. For a fixed natural number l ≥ 1 and a 0, 1-sequence t of length l, we may think of t as a subset of {1, . . . , l} by identifying t with the set {1 ≤ j ≤ l | t(j) = 1}. If t 1 and t 2 are both 0, 1-sequences of length l, recall that the Hamming distance between t 1 and t 2 is given by
For each l ≥ 1 there exists a sequence q 0 , q 1 , . . . , q 2l−1 , where each q j is a 0, 1-sequence of length l, such that
This can be seen easily by an induction on l. The base case l = 1 is trivial. In general, if q 0 , . . . , q 2l−1 is a sequence that works for l, then q 0 0, q 1 0, . . . , q l 0, q l 1, q l+1 1, . . . , q 2l−1 1, q 2l−1 0 is a sequence that works for l + 1.
Note that we may arbitrarily lengthen the sequences q 0 , . . . , q 2l−1 by appending 0s without altering the Hamming distance between any two elements in the sequence. For the rest of the proof we fix l = 2 n−1 and q 0 , . . . , q 2 n −1 = q 2l−1 , where each q j has length 2 n , with the Hamming distances specified above. Now for every x ∈ M n , we define ϕ( x) to be a set A ⊆ N by the following requirements:
Intuitively, the construction is to put down a large number of copies of q i if the corresponding coordinate of the element of M n is p i .
It is easy to see that (i) and (ii) hold with K = c n n . To see that ϕ is an ε-isometry, it is straightforward to check, using conditions (a)-(d) and the construction above, that for any x, y ∈ M n , letting A = ϕ( x) and B = ϕ( y), the density card((A B) ∩ m) m as a function of m approaches d(x k , y k ) with an error < ε for each 1 ≤ k ≤ n n when m approaches c k , and its value is below d(x k , y k ) when m approaches each b k . Condition (c) guarantees that there are enough copies of q i so that eventually the density is greater than d(x k , y k ) − . Thus
We are now ready to see that N ∞ is uniformly homeomorphic to a subset of I d . For each n > 1 let ε n = 2 −2n . By induction on n we define an embedding ϕ n : N n → I d . To begin with, let ϕ 2 : N 2 = M 2 → I d be the ε 2 -isometric embedding obtained by Lemma 3.1 with s 2 = 0 . In general, assume that ϕ n : N n → I d has been defined and moreover there is K n such that for every A ⊆ N in the image of
n K n and s n+1 have length L n+1 and be defined by s n+1 (m) = 1 for all m < L n+1 . Let ψ n+1 : M n+1 → I d be the ε n+1 -isometric embedding obtained by Lemma 3.1 with s n+1 . Letting ϕ n+1 = ϕ n ψ n+1 , this finishes the construction of the ϕ n 's. From our construction it makes sense to define ϕ as the increasing union of ϕ n for n > 1.
We claim that ϕ is a uniformly homeomorphic embedding from N ∞ into I d . In fact, for any ε > 0, let n 0 be such that ε n0 < ε and let
Then for x, y ∈ N ∞ with d(x, y) < δ, there is n > n 0 such that x, y are both in M n . Thus
The uniformity of ϕ −1 is similar. To finish the proof of Theorem 3.1, it remains to show that N ∞ is not uniformly homeomorphic to any subset of a metric space of positive roundness. For this we use an argument similar to Enflo's proof in [6] .
Consider a fixed M n , where n is even. We need two more definitions.
Definition 3.7. For 1 ≤ m ≤ n, a set S of elements of M n is m-regular if S = S 1 ∪ S 2 with card(S 1 ) = card(S 2 ) = n such that, for all x, y ∈ S, the pair ( x, y) is an m-segment in case x, y ∈ S 1 or x, y ∈ S 2 , and an m + 1-segment otherwise.
The following lemma is not an optimal result, but is sufficient for our purpose.
Lemma 3.2. For n even and 1 ≤ m ≤ n 2 , there is an m-regular set in M n .
Proof. For j = 1, . . . , 2n, let
. . , x n } and S 2 = { y 1 , . . . , y n } by letting, for i = 1, . . . , n,
Then it is straightforward to check that S = S 1 ∪ S 2 is m-regular. Now suppose ϕ is an embedding of M n into a metric space (X, d) of roundness p > 0. Fix 1 ≤ m ≤ n 2 . Then for an m-regular set
we have that
Let S m be the set of all m-segments in M n . Let θ m = card(S m ). For any m-segment u, v in S m , let β u,v be the number of m-regular sets in M n that u and v both belong to. By the symmetry of the space M n , if u, v and u , v are both m-segments in M n , then there is an isometry of M n onto itself sending u to u and v to v , and thus β u,v = β u ,v . Therefore we can define β m to be this common number. Similarly, let η m be the number of m-regular sets that any m + 1-segment belongs to. Finally, let ρ m be the number of m-regular sets of M n . Then we have the following equalities by simple counting: This is a contradiction to the uniformity of ϕ. Our proof of Theorem 3.1 is now complete. We close this section with a few more remarks. It is well known that the density ideal is closely related to the Banach space c 0 . However, there does not seem to be direct implications about embeddability of these spaces into U ∞ . Enflo [6] indeed showed that any metric space which is universal with respect to uniformly homeomorphic embeddings must have roundness 0. Thus it follows from Aharoni's result [1] that c 0 has roundness 0. I d does not share the universality property with c 0 , since I d is a zero-dimensional Polish space.
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